The metrical and axionic background moduli which determine a general symmetric Z',v orbifold model have to be chosen in such a way that the rotational twist leaves the underlying a-model action invariant.
analysis of this condition will be given. We notice that it plays a key role in the evaluation of the four-point correlation functions of ground states which belong to the lowest twisted sectors. Having fixed the normalization of these functions we factorize them w.r.t. the twisted intermediate channel.
This method yields the moduli dependent part of the twisted sector Yukawa couplings of an orbifoldized heterotic string model. We then perform various discrete mappings (axionic shifts, duality) on the space of background moduli and recognize that the induced linear transformations of the Yukawa couplings are essentially independent of the choice of a specific background.
If compensating unitary redefinitions of the twist fields are applied then orbifold models whose backgrounds are related by one of the above mappings cannot be distinguished. For many twist orders we arrive at an explicit form of the phase factors needed to redefine twist fields in order that a general discrete axionic shift can be undone. The requirement of duality invariance is sufficient to determine the moduli dependence of the Yukawa couplings.
Hence one may even bypass the evaluation of instanton actions.
F . .
Introduction
The vacuum of the heterotic string theory [l] is a two-dimensional conformal field theory (2D CFT) [2, 31 , which p ossesses all the necessary features to be a serious candidate for a unified theory of all interactions (including gravity) and all matter fields. The effective field theory turns out to be an N = 1 supergravity action if a Calabi-Yau manifold describes the internal compact space (in this case the Kahler metric gives rise to the holonomy group SU (3)).
Or&fold models may be understood as certain geometrically degenerate limits of such a manifold. Some of these compactifications [4] indeed give rise to four-dimensional heterotic string vacua whose particle contents closely resembles that of the standard model [5, 6, 71 .
For a detailed phenomenological analysis of such models a string theory computation of the effective action is mandatory. In order to find out how Yukawa couplings depend on the Kghler structure moduli of orbifold models, it suffices to merely consider three-point functions of bosonic twist fields u.
The Yukawa coupling is then recovered from a string theory computation by also including a (moduli dependent) normalization factor. However, to gain a full understanding one must also allow for non-trivial Wilson line
configurations. There are two distinct ways to embed the spatial twist into the Es x Es gauge algebra lattice: either a twist or a shift can be chosen. In the first case Wilson lines can be continuously deformed (i.e. they represent additional moduli) whereas in the second case their components are quantized [5, 81 . The requisite computation of Yukawa couplings for these embeddings
has not yet been performed.
According to [9] , [lo] th e scalar potential is entirely determined by K + In W + In W (1.1)
where I( is the Kahler potential and W is the holomorphic superpotential.
Both these quantities are given in terms of the field theory counterparts M,
A of the moduli vertices VM and the associated charged matter vertices VA from the underlying N = 2 supersymmetric CFT.
In the orbifold limit one has to distinguish between the fields Mu, AU belonging to the untwisted sector U and additional fields MT, AT which originate from a twisted sector T. Both eVK and W contain (besides other terms) contributions which are cubic in the superfields AU, AT, respectively.
In particular, the strength of these trilinear interactions (the one belonging to W amounts to a Y&zwa cor#ng) is governed by functions of the Kghler structure and complex structure moduli of the six-dimensional compactified target subspace. Moreover, I( and W are intimately related in compactified heterotic string models. Because the corresponding moduli spaces are restricted Kghler manifolds, the set of Yukawa couplings suffices to uniquely determine Ii' as well.
A more detailed discussion of the relationship between a heterotic string theory and its effective action can be found in [ll] , [la] where additional literature has been pointed out.
Other three-point functions which correspond to Yukawa couplings exclusively involving fields from the untwisted sector have been determined in [13] . The knowledge of orbifold correlation functions also allows for a thorough investigation of the symmetry properties of the CFT moduli space. As has been argued in [14] the form of the low-energy action is severely restricted provided that the non-perturbative effects of string theory do not spoil these background symmetries. Furthermore, apart from their interpretation as string vacua, a study of these CFTs is worthwhile from the point of view of 2D quantum field theory, since they constitute examples of exactly solvable irrational models for a generic choice of the background parameters.
The outline of this paper is a.s follows: In section 2 we present a detailed discussion of the moduli contained in the antisymmetric tensor B and the torus metric. We assume that the background B commutes with the twist operation 0 in order to have a consistent action formulation of the orbifold CFT. In fact, this restriction on the components of B proves to be indispensable for the calculation of the instanton contribution to the four-twist function (see section 3). This correlator is then used to derive the twisted sector string emission coupling via s-channel factorization. 2 Action description and moduli
The starting point for the construction of two-dimensional (2D) orbifold conformal field theories ( CFTs) is the linear a-model action [15] (24 where B,, = -B,, denotes the components of the (constant) antisymmetric background tensor B. The d-dimensional target manifold, whose constant metric is conveniently chosen to be1 G = fld, is parametrized by the string coordinate fields Xp(z, 2).
To define a toroidal orbifold we invoke two sorts of closed string boundary conditions:
They will now be discussed in turn. In the sequel we will concentrate on symmetric ZN orbifolds where a twist 0 acts in the same way on the right-and left-moving parts2 of X(Z,Z). Since in this case P is generated by a rotation 0 of finite order N (ON = Id) we have S = {(O",w)lk = 0,. . . , N -1; w E Ad} . P-3)
As has been pointed out in [13] , the action (2.1) is well-defined only ip
This strong condition will be solved below. Later (see section 3) we will recognize that it is both necessary and sufficient to permit the computation of the classical parts of twist field correlation functions.
We will first concern ourselves with the case of even d. Upon an orthogonal change of basis 0 becomes block-diagonal:
where 'The two-dimensional wave equat,ion @X(z, Z) = 0 follows from (2.1). Its solution can obviously be split according to X(z, 5) = X,(Z) + XL,(T). Observe that the coupling via B,, is just a divergence whence it cannot affect the equation of motion.
3The corresponding condition [G, 01 = 0 is trivially fulfilled for our preferred choice G= fl. when the indices i, j are kept fixed. These restrictions on the 2 x 2 blocks of B will prove to be crucial in the analysis of the instanton contribution to the four-twist field correlation function (see section 3). But before taking up this issue we wish to count the number of independent background moduli in the case of 2~ orbifold models.
For this purpose we relate the backgrounds G, B w.r.t. the target space basis to their counterparts g, b in the lattice basis:
Note that all the information about the torus metric is encoded in g whereas G might be an arbitrary non-singular symmetric matrix.
If only torus boundary conditions (S 2 Ad) are imposed g and b contain
Id d + 1) and id(d -1) independent moduli, respectively. These numbers 2 ( are in general smaller for orbifold models with S > Ad. The invariant quantity of interest however is the lattice metric g = ieTe.
The above deformation causes go H g = iecUTUeo; admittedly some combinations of continuous parameters U depends on might drop out in UTU.
Indeed if we perform a real polar decomposition U = OS (where 0 is orthogonal and S is symmetric4) g is seen not to depend on 0. Thus the total number of (real) background moduli is given by 41t is not difficult to determine solutions for the factors 0, S. By an orthogonal transformation 6 the symmetric matrix UTIJ can be diagonalized:
Ug E fiTlJTU6 = diag(uq, . . . , u:) with UD = diag(ul,. . . , ud) (UI E EL). We then define S := fiU~fi~, and 0 := US-' evidently is orthogonal. Finally we touch on the case of an odd dimension d. Since 0 is supposed not to leave any direction fixed the multiplicity di of the subspace R has to be odd as well. We again adopt the basis where the twist takes the blockdiagonal form (2.5) g au mented by a diagonal entry -1 which represents the unpaired "last" direction of R. As a rule both B,, and the symmetric deformation matrix element S,, must vanish if m denotes a dimension of R while n does not (and vice versa). Of course, if the dimensions m, n both belong to R these matrix elements can be arbitrarily chosen were it not for the (anti-)symmetry of (B) S. F rom these arguments we infer that the above expressions for Mb, MS continue to hold for odd values of d.
The four-twist field correlation function
In order to invoke the boundary conditions (2.2) for the coordinate vector X(Z, Z) one has to exploit its operator product expansion with the primary fields associated to highest weight states. In the untwisted sector (k = 0 in To display the local monodromy of X(x, Z) in the vicinity of a twist field UT we introduce complex coordina.tes (as well as their complex conjugates) 5Tlle accompanying cocycle operators which are mandatory within the operator quantization are thoroughly discussed in [13] .
Yj := X2j-1 + 2X2j ;
(1 9 I i) (3.4) w.r.t. a system which guarantees (2.5). It follows from (2.2) that dX(e2"iz, emsriZ) = DdX(z, 2) ; this quantum monodromy condition is assured by the following set of operator products:
Tj (zz,z2) +... 
We will primarily be concerned with Z$iI since Zq" is not sensitive to the background (g + b) and has already been evaluated in [18] where F'(z) is a shorthand for the hypergeometric function F(lcj, 1 -Icj; 1; x).
The normalization constant v in Zq" will be fixed at the end of this section.
The classical instanton part is given by
where the Xc' are solutions of the classical equation of motion, aaX(z, Z) = 0, subject to the monodromy conditions imposed by the four twist fields in (3.7).
To facilitate the evaluation of (3.12) we first split (3.13) With the help of the parametrization (2.9) and after a change to complex coordinates Yk we arrive at (3.14)
The four cut diflerentials aY:l, a%':', aY:l, and aYF1 of the j-th planar subspace are completely determined by the local monodromy rules (3.5) apart from constant prefactors:
In order to fix aj, dj ,we consider the zero net twist loop Ci (Cz) which 'Under the twist Yjcl, yjc' are multiplied by the phase factor e2xikj, e-2*ikj, respectively.
. .
where the subscript j E (1,. . . , -$} attached to a coset [f reminds us to rewrite its projection onto the j-th plane in terms of complex vectors as in 
We have also used (3.11). in order that the multitude of instanton actions is well-defined (cf. also I . . [13] ). Recall that th e ensuing restrictions for the blocks Bij have already been worked out in section 2.
To determine Ss( u, o) we employ the auxiliary formula (see [ 181, [20] ) Observe that the last line of (3.21) g a ain contains lattice vectors w.r.t. the real coordinate system (we have refrained from introducing new symbols to emphasize this difference). In particular, the factor Pj sin(~kj) turned into 1, '",(kj)* According to our findings in section 2 the contribution Sj/ to the instanton action vanishes except .for the following cases:
since we are forced to set q = t and r = -s. 3. kj = kl = f: where we resorted once more to a real coordinate system at the end. It is then fairly easy to derive the contribution (Sjl + S/j) in the case where kj = 1 -k,. Observe .first that ,@ = pj holds. By comparing (3.23) with (3.24) we recognize that it is sufficient to perform the following substitutions in (3.27): r H -r, u[ H ifi,, 0, +b 61. As concerns the bottom line of (3.27) the complex conjugation of (complex) vectors carrying the label j amounts 70f course for j = I we must set q = t = 0 and r = --s since B is antisymmetric. Together with r H -r the blocks Bjl, Blj in (3.27) adopt then the form which is appropriate to kj = 1 -kr (see section 2).
In addition the bottom line of (3.27) applies also when kj = kl = f.
Here pj = -1, i+q = al2 and the various linear combinations of the coefficients d and a present in (3.25) will immediately produce the real components of the lattice vectors u, v (see (3.17) ).
Finally we take one half of the sum over j, 1 E { 1,. . . , $} of (3.27) and also include (3.21) to obtain
Apart from the unknown prefactor v the four-twist correlation function reads Next we get the asymptotic behaviour of the hypergeometric function Fj from [21] :
Comparing with (3.36) we can now read off the string emission coupling
As announced the normalization constant can then be fixed:
This reproduces the result familiar from our earlier approach which was based on the operator formalism [13] .
It is fairly easy to extend the above considerations to the (physically less relevant) case of an orbifold compactification od for which the target space dimension d is odd. Let us introduce an artificial extra coordinate which is subject to orbicircle bouudary conditions C, i.e. P = (-1, l}. We thus obtain an even dimensional product orbifold Od+i = od x C -a case which we already know how to handle. Notice that the action (2.1) relevant for Od+i merely is the sum of the actions which describe the od model and the orbicircle construction provided that we set to zero the dfr antisymmetric The four-point function (3.7) must then behave according to (4.7) in the u-channel factorization limit.
On the other hand we can explicitly deduce this limit by inspecting (4.14)
The limit of the classical action SE(U, v) turns out to be a sum of two in- In addition we reinstate the metrical factor (2G) in the first term of the a,ction's bilinear form to put it on the same footing with the second term that is governed by B: As a last step the original lattice basis is revived w.r.t. which the twist is given by 0 (cf. between the twisted sector string emission correlators in two models with different backgrounds (indicated by the subscripts) has been given in [13] . The prime superscripts clarify that the associated fields in the "shifted model" differ unitarily from the conventional fields at the shifted background g+b+u:
(UIj)' = uju:j .
According to [22] r2 the ph ase factors Uj have to fulfill (f E Ad) .
(5.5)
The first condition says that U : Ad H Sr provides a projective representation of the abelian group Ad whereas the second condition already determines these phase factors up to a sign. The associativity of the composition law (5.4) is ensured because the phase factor which contains the shift Q is bimultiplicative. Notice also that this factor has to be symmetric under an interchange of fr and f2. For this property to hold we have to restrict ourselves to modular shifts of the antisymmetric background, i.e. [o, 01 = 0.
As promised in [13] we report here on our progress in solving (5.4) and On the other hand we need not anticipate a generalization of (5.8) since the second twisted sector might also (for a moment) be looked upon as the first twisted sector of another o&fold model for which the shifts a are indeed represented diagonally (see ([22] ) on the set of det(1 -0") ground states.
To evaluate (5.7) we recall that the discrete shift cr is supposed to commute with the twist. Only then will the ratio of the three-point functions (4.20) w.r.t. the above pair of modular backgrounds boil down to a constant phase factor. We end up with
To disentangle this condition we simply choose the configuration fa = 0, fb = fC (which fulfills the space group selection rule) and obtain This feature generalizes to higher dimensional (orbifold) target spaces (with other discrete symmetry groups K at work).
Next we have to extend the substitution law (6.2) to all sectors of an orbifold model. This task was solved in [22] for th e subclass of two-dimensional symmetric ZN orbifolds. We briefly sketch the basic steps. There are three kinds of generators of a diferent discrete symmetry group L which acts at The duality mapping was determined by this method as well [22] . It Their phenomenological aspects are fully accounted for by suitable "representant" models whose background tensor is an element of the fundamental region. Furthermore the low energy effective action inherits K. Tight restrictions were discovered for the scalar potential of an effective four-dimensional supergravity action (see [14] ).
Now we establish the invariance of the three-twist field correlation (4.20) if the complete set of transformations induced by a background inversion In order to proceed we rely on the auxiliary formula G~liB=(G+B)~~:;B(G-B) (6.8) which can be readily proven by rewriting it exclusively in terms of 2 and $B and then using (4.22) t o simplify it further. This identity also entails det(G2 -iB) = det(G -B) eit with e2i~ _ det(GZ -iB) -det(G2 + iB) . (6.9)
We will now recast (6.7) explicitly in terms of the ordinary three-point cor- ysis performed for the two-dimensional case in [22] . In order to compare both sides of (6.5) we may entirely rely on the discrete translation invariance of correlators which consist of the ordinary twist fields u+, C--and on projection identities such as (6.12) (It converts a sum of discrete phase factors into a selection rule.) Both these ingredients are likewise independent of the details of a particular compactification.
In view of these facts the duality invariance of the three twist field correlation function is guaranteed for symmetric 2~ orbifold constructions of the bosonic string.
Discussion
For the class of symmetric 2~ orbifolds an explicit parametrization of the (axionic) antisymmetric background B was derived assuming that [B, CD] = 0.
This condition was recognized to be crucial for a calculation of the complete set of instanton actions in the case of the four-twist field correlation function.
Via a factorization w.r.t. the "twisted channel" the moduli dependent part (0iCiCZJ of a particular Yukawa coupling could be read off. The calculation of three-point functions involving any set of (higher sector) twist fields {Ctk), C('), C(-k-')} in the presence of a purely metrical background g has been attempted in [24] . 
